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' Abstract 

^ ' We develop the BRST approach to Lagrangian construction for the massive integer 



higher spin fields in an arbitrary dimensional AdS space. The theory is formulated in terms 
of auxiliary Fock space. Closed nonlinear symmetry algebra of higher spin bosonic theory 
in AdS space is found and method of deriving the BRST operator for such an algebra 
is proposed. General procedure of Lagrangian construction describing the dynamics of 
bosonic field with any spin is given on the base of the BRST operator. No off-shell 
constraints on the fields and the gauge parameters are used from the very beginning. As 
an example of general procedure, we derive the Lagrangians for massive bosonic fields 
with spin 0, 1 and 2 containing total set of auxiliary fields and gauge symmetries. 

1 Introduction 

The various aspects of higher spin field theory attract much attention in modern theoretical 
physics (see reviews [1]). At present, research in this area is devoted to development of general 
methods allowing to construct Lagrangian formulations, to study the specific properties, to 
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clarify the possible underlying structures of such a theory, to see the relations with superstring 
theory and to find the ways leading to description of interacting higher spin fields (see e.g. [2-9] 
for recent progress in massive and [10-18] for recent progress in massless higher spin theories). 

The present paper is devoted to formulating the general approach for deriving the La- 
grangians of massive higher spin fields in AdS space of arbitrary dimension. The approach is 
based on development of BRST construction in higher spin field theory which automatically 
allows to obtain gauge invariant Lagrangian describing a consistent dynamics of higher spin 
fields. To be more precise we use BRST-BFV construction or BFV construction [19] (see also 
the reviews [20])-'^. 

BFV construction was originally developed for quantization of gauge theories. The gauge 
theories are formulated in phase space and characterized by first class constraints Ta satisfying 
the involution relations^ in terms of Poisson brackets {Ta, r^} = f^bTc with structure functions 
fl^. Basic notion of BFV construction is nilpotent BFV charge Q defined as follows 

Q = r?»T„ + \rtvTa{Pc + • • • , (1) 

where 77" and Va are canonically conjugate ghost variables. The dots mean the extra terms 
which in principle should be added in order to get the nilpotent charge for the case when the 
structure functions depend on phase coordinates of the theory. After quantization the BFV 
charge Q becomes nilpotent Hermitian operator^ in extended space of states \^) containing the 
ghosts. Subspace of physical states is defined by the equation Q\^) = up to the transformation 
|\E'') = + (5|A) which is gauge transformation in the approach under consideration. It is 
proved that in subspace of physical states an unitary 5"- matrix exists [19]. We emphasize that 
initial point of this construction is a classical Lagrangian formulation of the gauge theory. 

One of the problems of the higher spin field theory is its Lagrangian formulation. As was 
pointed out in the pioneer paper [21] the Lagrangian dynamics of higher spin fields demands 
to use, except a basic filed with given spin s, the auxiliary fields with less spins. Application 
of BRST approach to higher spin filed theory in principle allows to describe its dynamics. The 
matter is that the dynamics of gauge theory is completely concentrated into its constraints. 
Since the BRST charge is constructed on the base of the constraints, it includes whole infor- 
mation about dynamics. Therefore if we are able to express the Lagrangian in terms of BRST 
charge, we automatically obtain the consistent gauge invariant Lagrangian formulation of the 
theory with all auxiliary fields. Namely such a situation is realized in free higher spin field 
models [23,30-33] (see also the early application of BRST approach to interacting higher spin 
filed theory in [34]). 

Use of BRST construction in higher spin filed theory differs from its use for quantization 
in the following points^. Classical Lagrangian formulation of the theory is unknown from 
the very beginning, moreover the main problem of the theory is to find such a formulation. 
Hence, classical system of constraints is also unknown and classical BRST charge can not be 
written. The only we know are the conditions on the fields defining irreducible representations 
of Poincare or AdS group with given mass and spin. These conditions are realized as some 
operators in auxiliary Fock space and interpreted as first class operator constraints. Then ones 

^Following a tradition accepted in string field theory and massless higher spin field theory we call BRST-BFV 
construction as BRST construction. 

^We do not concern here the unclosed gauge algebras. 

^Following the accepted tradition wc call this operator as BRST operator. 

'''Application of BRST construction in higher spin field theory is analogous in some aspects to application of 
BRST construction in string field theory [27] (see also the reviews [28]). Relations of higher spin field theory to 
string field theory are discussed in [29]. 
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demand that an algebra of these operators in terms of their commutators should be closed. 
This condition allows us to find a complete system of operators forming the closed algebra. As 
a result, from the very beginning we have the operators in Fock space and their commutators, 
the formulation looks like quantum although it is still a classical theory. Moreover, there are 
no any guaranties that the commutator algebra is a Lie algebra. As we will see further, the 
algebra in the case under consideration is nonlinear and analogous to W3 algebra (see e.g [26]). 
Besides, it turns out that some of the operators closing the algebra can not be interpreted as 
constraints. Thus, application of BRST construction in higher spin field theory faces many 
principal problems. 

In this paper we develop the gauge invariant approach to deriving the Lagrangian for mas- 
sive higher spin fields in AdS space of arbitrary dimension. This approach is based on BRST 
construction and automatically yields a gauge invariant Lagrangian for field with any spin con- 
taining a complete set of auxiliary fields. As it should be, the gauge invariance of massive 
theory means that the corresponding Lagrangian formulation includes the Stueckelberg fields. 
The approach under consideration is a generalization of works [30-33] on Lagrangian construc- 
tion of higher spin fields in arbitrary dimensional Minkowski space. The BRST approach to 
higher spin fields in AdS space was first used in [23], where the bosonic massless fields were 
considered. It was proved [23] that in four dimensions, obtained Lagrangian theory is reduced, 
after elimination of all the auxiliary fields, to the Fronsdal Lagrangian [22]. In this paper we 
develop a general method of Lagrangian construction for massive higher spin bosonic fields in 
AdS space and show that in massless limit it yields results presented in [23] 

The paper is organized as follows. In Section 2 we introduce an auxiliary Fock space, which 
is a base of BRST construction for higher spin fields, and describe the differential operators 
corresponding to constraints. These constraints define an irreducible massive integer spin rep- 
resentation of the AdS group. In Section 3 we construct a set of operators forming a closed 
algebra in terms of commutators. It is shown that this algebra is nonlinear (quadratic algebra 
analogous to VF3 algebra) and includes two operators which are not constraints. In Section 
4 we discuss an extension of the algebra by means of generalization of the method proposed 
in [30-33]. This generalization demands a deformation of the algebra and construction of a 
representation for the deformed algebra. Such a representation is found so that the new ex- 
pressions for the operators consist of two parts: the initial expression of the operator plus an 
additional part. The additional parts for the operators are explicitly derived in Section 5. Then 
in Section 6 we discuss the construction of BRST operator for the deformed nonliner algebra. 
After this in Section[7|we derive the Lagrangian describing propagation of massive bosonic field 
of arbitrary fixed spin in AdS space. There it is also shown that this theory is a gauge one 
and the gauge transformations are written down. In Section |H1 we illustrate the procedure of 
Lagrangian construction by finding the gauge invariant Lagrangians for massive spin-0, spin-1, 
and spin-2 fields and their gauge transformations in explicit form. Section El summarizes the 
obtained results. Finally, in Appendix^ we give general differential calculus in auxiliary Fock 
space on a gravitational background. Appendix ^ is devoted to obtaining of a representation 
of the operator algebra given in Table |21 in terms of creation and annihilation operators and 
in Appendix Owe prove that the constructed Lagrangian reproduces the correct conditions on 
the field defining the irreducible representation of the AdS group. 
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2 Auxiliary Fock space for higher spin fields in AdS 
space-time. 

Massive integer spin-s representation of the AdS group is realized in space of totally symmetric 
tensor fields ^fj,i...^^{x) satisfying the following conditions (see e.g. [4]) 



(V^ + r[s^ + s{d - 6) + 6 - 2d] + m^)^ 

0, 
= 0, 



X] 



0, 



(2) 
(3) 
(4) 



where r = with R being the scalar curvature and d being the dimension of the space- 

time. Our purpose is to construct a Lagrangian which reproduces these constraints as the 
consequences of the equations of motion. 

In order to avoid an explicit manipulation with a number of indices it is convenient to 
introduce auxiliary Fock space generated by creation and annihilation operators with tangent 
space indices (a, 6 = 0, 1, . . . , — 1) 



[oa, a^] = -7]ab, Vab = diag{+, -,...,-). 
An arbitrary vector in this Fock space has the form 



1$) 



^$ai...a,(a;)a 



+"1 . . . a+"' 



|0) = X]<f,,...,.(x)a+^^..a+^=|0), 



(5) 



(6) 



s=0 



where a'^^{x) = e^(x)a"'"", a'^{x) = e^(x)a°, with e^(x) being the vielbein. It is evident that 

[a^,a^] = -gf,u- (7) 

We call the vector ^ as basic vector. The fields ^^j^...^^{x) are the coefficient functions of the 
vector 1$) and its symmetry properties are stipulated by the properties of the product of the 
creation operators. We also suppose the standard relation 

V,el = 0. (8) 

We want to realize the constraints (HJ-Q as some constraints on the vectors |$). To do 
that ones introduce a special derivative operator acting on the vectors |$)^ 



D 



D^\0) = 0. 



Then one can show that 



(9) 



(10) 



(11) 

(12) 
(13) 



^Another (equivalent) form of the derivative operators acting on vectors of Fock space and differential calculus 
based on such operators are discussed in Appendix fXl 
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where we suppose that S^Oq = d^a~^ = 0. The operator acts on the vectors ^ as 

oo oo 

D,\<^) = ^(V^<|.,,...,,(x))a+»V..a+'^»|0) = 5^(V^$^,...^,(x))a+^V..a+'^=|0), (14) 

s=0 s=0 

where is the covariant derivative acting on tensor fields with tangent and space-time indices 
by standard rule. 

For latter purposes it is useful to state the relations 

oo 

g>^''{D,D,-T;Mm = 5^(V'^V^$^,..^Jx))a'^^+---a^"+|0), (15) 

n=0 

[D,,D^] = 7^^/^a+ab = i?^,p,a''+a^ (16) 

with TZfj.u"''^, RfiupT being the curvatures ()A.16j) . ()A.15j) . Here and further we use following 
convention for AdS curvature tensor R^^af} = Qi^xR^uafB = ^{9m9uf3 - 9fii39ua)- 

The operator is used for realization of the constraints in space of vectors |$). Let us 



define the following operators 

lo = D' + m' + r[X-Ago + 6-^], (17) 

X = gl-2go-Altl2, (19) 

h = -iai'D^, If = -ia'^+D^, (20) 

/2 = ia%, l+ = la''+a+, (21) 

g, = -a;a^ + l. (22) 

Using the above relations, one can see that if the following constraints 

Zo|$) = /i|$) = /2|$)=0 (23) 



are fulfilled then each component $^i...^^(a:) of © obeys the conditions describing spin-s field 
in AdS space (0)^(111) ■ Therefore if the conditions are fulfilled then vector © will describe 
the fields with arbitrary integer spin s in AdS space. 

Let us turn to the algebra generated by operators Iq, li, I2. 



3 Algebra generated by the constraints 

We develop an approach to Lagrangian formulation for massive higher spin fields based on the 
following idea. We treat the conditions (0)^(111) or the equivalent conditions as the con- 
straints in some unknown yet Lagrangian gauge theory. Our purpose is to restore a Lagrangian 
leading to given set of first class constraints. The most efficient way to realize this idea is to 
use general BRST method. 

Basic notion of BRST method is Hermitian BRST operator which is constructed on the 
base of a set of first class constraints. To get Hermitian BRST operator, the set of constraints 
should be invariant under Hermitian conjugation. In the case under consideration, the operator 
Iq is Hermitian, but the operators /i,/2 are not Hermitian. Therefore, to get a set of operators 
invariant under hermitian conjugation we should add two more operators l'^ (^01) . (PT|) to 
the operators Iq, li, l2- As a result, the set of operators Iq, li, , I2, I2 is invariant under 
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Hermitian conjugation. However, it is clear that the operators l^, I2 can not be interpreted 
as constraints on the vectors © on equal footing with the operators /q, /i, h- Indeed, taking 
Hermitian conjugation of (|^^ we see that they (together with Iq) are constraints on the bra 



vector 



($i/o = mt = mt = 0. (24) 



Nevertheless we will use the operators li, /J for BRST construction and show that they do 
not contribute to equations of motion for basic vector (jHl) obtained from final Lagrangian. 
This occurs due to these operators are multiplied on the annihilation ghost operators in BRST 
operator (see relations and (fTTjl . some details are discussed in [31]). 

Algebra of the operators Iq, li, If, I2, If is open in terms of commutators of these operators. 
To close the algebra we add to it all the operators generated by the commutators of Iq, h, If, 
I2, If. 

Before proceeding in this way let us introduce a more general operator Iq instead of operator 

k 

k = + m' + {a-l)r^^ + {P-l)rX + -irgo (25) 

and use this operator /q as a constraint. The operator /q depends on real parameters a, (3, 7. 
It is evident that Iq ffTTj) is obtained from Iq at a = /5 = 2, 7 = —4. We shall show 

that the correct on-shell condition Q can be reproduced at any values of a, (3, 7, besides the 
expressions of the Lagrangian ()(I7jl will be simpler for Iq at some specific values /?, 7, which do 
not coincide with Iq (see Appendix IC}. Also we note that the case of massless bosonic higher 
spin fields in AdS space considered in [23] corresponds to the following choice of the coefficients 
m = a = 7 = 0, /3 = 2. 

Now let us close the algebra generated by the operators Iq, li. If, I2, If- As a result we 
obtain two more Hermitian operators: Qq (j22p and 

I = ^2 ^^ 0^(^-4) ^26) 
4 

The algebra of operators (P mi - lj^ . (j^ . is closed and it is given in Table [H where 

[/i,/o] = Pr{Alfk + 2gQh-h)+^rh, (27) 
[lQ,lf] = /3r{Alfh + 2lfgQ-lf) + -frlf, (28) 
[h,lf] = l,-l + {2~P)rX--frgQ. (29) 

In this Table and in the subsequent ones the first arguments of the commutators are listed in 
the first column, the second arguments are listed in the upper row. The algebra corresponding 
to Table 1 is a base for massive integer higher spin filed Lagrangian construction in AdS space. 
We will call this algebra as massive integer higher spin symmetry algebra in AdS space. We 
want to emphasize here two points. First, the operator / commutes with all other operators 
and therefore it plays a role of central charge. Second, due to the given algebra is 

non-linear, the right hand sides of these commutators are quadratic forms in operators. 

Since operators qq and / are obtained as commutators of a constraint on the ket vector ()23p 
with a constraint on the bra vector (j21I), these operators Qq and / can not be considered as 
constraints neither in the space of bra-vectors nor in the space of ket-vectors. 

One can show that a straightforward use of BRST construction as if all the operators are the 
first class constraints doesn't lead to the proper equations (|^ for any spin (see e.g. [30-33] for 
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Table 1: Algebra of the operators (gHll-lES), (ESI), (EHl) 



the cases of higher spin fields in fiat space). This happens because among the above hermitian 
operators there are operators which are not constraints {go and / in the case under consideration) 
and they bring two more equations (in addition to (ESI) on the physical field Thus we 
must somehow get rid of these supplementary equations. 

Method of avoiding the supplementary equations consists in constructing new enlarged 
expressions for the operators of the algebra given in Table Q so that the hermitian operators 
which are not constraints will be zero. 

4 Constructing the deformations of the symmetry alge- 
bra 

Our purpose here is to construct the new enlarged operators satisfying some deformed algebra 
so that the new operators go and / become zero or (as was shown in [31]) they contain arbitrary 
parameters which then defined from the condition that the supplementary equations do not 
give more restrictions on the basic vectors (jH)) in addition to (j23p . 

The method we apply in this paper for constructing the enlarged expressions for the oper- 
ators is a generalization of the method used in our papers [30-33] where the operator algebras 
are Lie algebras. 

In case of Lie algebras we acted as follows. We enlarged the representation space intro- 
ducing new creation and annihilation operators and constructed a new representation of the 
corresponding operators so that the expression for any operator was a sum of two parts: the 
initial expression for the operator plus a specific part which depends on the new creation and 
annihilation operators only. As a result in this new representation the operators which are 
not constraints were zero or contained arbitrary parameters whose values would define later^. 

^Introducing the new creation and annihilation operators in BRST construction for higher spin field theory 
is analogous to a conversion procedure (see e.g. [35]) which is used for quantization of constraint systems with 
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One more requirement was that the vector in the enlarged space (including the ghost fields) 
should be independent of the ghost fields corresponding to the operators which are not con- 
straints [30-33]. 

The generalization of the above method to the case of non-linear symmetry algebra given 
by Tabled is based on deformation of algebra of the enlarged operators in comparison with the 
corresponding initial algebra. 

Ones describe the method of deformation. Let us denote all the operators of the algebra 
given in Tabled as Zj. Then the structure of the algebra looks like^ 

[hM = ft,h + ftPklm, (30) 

where fjj, fjj^ are constants. In case of fjj^ = we have a Lie algebra and the described 
method will be reduced to the method used in the fiat space case [30-33]. As in the case of 
a Lie algebra we enlarge the representation space by introducing the additional creation and 
annihilation operators and construct the new operators of the algebra k — > Lj 

U = k + l[, (31) 

where l[ are the part of the operator which depends on the new creation and annihilation 
operators only (and constants of the theory like the mass m and the curvature). It is evident 
that if we fix the structure of the new operators (p?T|) then we are not able to preserve the 
algebra (jHOl)- Therefore there are two possibilities. The first one is to reject (p?T|) and the 
second one is to deform the algebra (jHUI) . We choose the second possibility and demand that 
the new operators Lj ()31|) are in involution relations 

[L„L,] ~ Lfc. (32) 

Since [/j, Z^] = we have 

[L„L,] = [/„y + [/^,/;.] = 

= fijLk — ifip + fij^)^'mLk + fipLkLm — ffjl'k + fip^'m^'k + [^ii ^j]- (33) 

Then in order to provide the last three terms must be canceled. Therefore we put 

and as a result we have the deformed algebra for the enlarged operators 

[U,L,] = f^^L,-{ftp + f^')CL, + ftl-L,L^. (35) 

Thus we see that the algebra (jH^j) of the enlarged operators Lj is deformed in comparison with 
the algebra (j30|) of the initial operators Zj. The second term in this algebra shows that some of 
the structure functions are not the constants and depend on the new creation and annihilation 
operators by means of Z^. In case of Lie algebra fjj^ = the algebras of the initial operators 
Zj, of the additional parts Z^, and of the enlarged operators Lj coincide. Namely this situation 
takes place in the fiat space [30-33]. 

second class constraints. 

^The method can easily be generalized to the case when the algebra has the structure 

[hjj] = ftjh + ftpiklm H 1- fil"'^"hx ■ ■■ IkN 

where all /'s are constants. 
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Table 2: Algebra of the additional parts for the operators 



Before we go further, ones discuss some details concerning the construction of the algebra 
First, we should find the operators (additional parts) l'^ satisfying the algebra (jnU- 
Second, these additional parts corresponding to the operators which are not constraints 
and /' in the case under consideration) should contain an arbitrary parameter or vanish in sum 
with their initial expression {go and / in the case under consideration). Third, the additional 
part corresponding to the Hermitian constraint I'q should contain an arbitrary parameter which 
value will be defined from the condition of reproducing the correct conditions (j^Hj) . After the 
additional parts l'^ will be calculated we proceed as follows: ones construct BRST operator as if 
all the operators Lj are the first class constraints and the vector in the enlarged space (including 
the ghost fields) must be independent of the ghost fields corresponding to the operators which 
are not constraints. 

In next Section we study the algebra (jMj) of the additional parts of the operators /• and 
find their explicit expressions. 

5 Constructing the additional parts of the operators 

The procedure described in Section 4 in the case under consideration leads to algebra ()34|) for 
the operators of the additional parts in the form given by Table |2] where 

-PriAl[+l'^ + 2g',l[-l[) + -frl[, (36) 
-/3r(4/^+/; + 2l'+g', - /'+) + jrl[+ , (37) 
i'o - I' - irg'o + 2)r{g'^ - 2g', - Al'.^Q. (38) 

Ones point out that in the case of massless fields considered in [23] m = a = 7 = 0, /? = 2, 
and therefore there was possible to construct the additional parts so that /q = /' = l'^ = l'^ = 0. 
In the more general case considered here the explicit expressions for the additional parts 
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can be calculated with the help of the method described in^ [24,30]. As a result we get 

' -8r l ' bt" &f +^ 
fc=o '- ^ 

°° r o„n L+fe j,2fe+2 1 



,^ + 7r(6+6i + 26+62) - f3ri2h - 1) 6| J] 

fc=0 

(2A; + 2)! + 2^ 



k=0 



(2A; + 1)! 



(2A:)! ' 



(39) 



-mib^b2 + miOi — ^ — 2^ 

fc=i 



+ 7;mibfY. 



k=l 



(6^ 



(2A; 



-8r" 




bt)"-' bf 










{2k)\ 








n 


+ / 

mi ^ — ^ 

^ fc=0 


'-8r 




+ 1)! 




mf 


(2A; + 1)! 



(40) 



(6+62 + 6+61 
-. 00 



fc=i 



h)b2 



mt 



A:=l 

(6+)^-^fef+^ 
(2A; + 2)! 



(b+)^^i +^ 
(2fc+l)! 



E 

k=0 



mt 



6f 



(2A; + 2)!' 



(41) 



mibf, 



It 
9'o 



-'2 1 



+ 26+62 + h, 

2 d(d-4) 

— m —a ^ ^ ' r, 



where we have denoted 



m 



+ ml + r + {P- 2)h{h - 2)r - jhr. 



(42) 
(43) 
(44) 
(45) 



(46) 



In the above expressions ^ is a dimensionless arbitrary constant, mo and mi are the arbitrary 
constants with dimension of mass. For constructing the additional parts we have 

introduced, in accordance with method given in Section 4, two pairs of new bosonic creation 
and annihilation operators satisfying the standard commutation relations 



[b^,bt] = [b2,bl 



(47) 



The found additional parts of operators possess all the necessary properties described in 
Section 4. The operators which are not constraints give zero in sum with their initial expres- 
sions for the operator (/ + /' = 0) or contain an arbitrary parameter [qq contains an arbitrary 
parameter h) which value will be defined later from the condition that they do not generate the 
extra restrictions on the physical states. The additional part for the Hermitian operator I'q also 
contains an arbitrary parameter mg which value will be defined from the condition of repro- 
ducing the correct conditions p3|) . The massive parameter mi remains arbitrary, in particular 
it can be expressed through the other massive parameters of the theory 



mi = /(m, r) 7^ 0. 



(4^ 



^To be completed a detailed calculation of the additional parts is given in Appendix IBl 
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For example one can put nii = m or mi = A, where A is the inverse radius of the AdS space 
A^ = r. This arbitrariness does not affect on the equations for the basic vector 

We note that the operators of the additional parts do not satisfy the usual properties 

{IX ^^0, (49) 

if we use the standard rules of Hermitian conjugation for the new creation and annihilation 
operators 

{hiY = bt, (62)+ = bt. (50) 

To restore the proper Hermitian conjugation properties for the additional parts we change 
the scalar product in the Fock space generated by the new creation and annihilation operators 

(^l|^2)ne«, = (*l|i^|^2) (51) 

with some unknown yet operator K . This operators is defined from the condition that all the 
operators must have the proper Hermitian properties with respect to the new scalar product 

{^i\KQ^2) = {^i\{loVK\^2), {^i\Kg'o\^2) = {^i\{goVK\^2), (52) 

(*l|i^/;|^2) = (^l|(/'+) + ir|M/2), (^l|i^/2l*2) = (^l|(/^+) + K|M/2), (53) 

(^llirr+1^2) = (^l|(/'i) + K|^2), (^llir/^+1^2) = (^l|(/2) + i^|^2). (54) 

The explicit expression for the operator K can be found using the method given in [25,30,31]. 
The calculations of the operator K are described in Appendix El 



6 The deformed algebra and BRST operator 

In this section we find BRST operator and discuss the aspects stipulated by nonlinearity of the 
operator algebra. 

Construction of BRST operator is based on following general principles (see the details in 
reviews [20]): 

1. BRST operator Q' is Hermitian, Q'^ = Q', and nilpotent, Q'^ = 0. 

2. BRST operator Q' is built using a set of first class constraints. In the case under 
consideration the operators Lq, Li, , L2, L2, Go are used as a set of such constraints. 

3. BRST operator Q' satisfies the special initial condition 

Q' = r]oLQ + 7]^ Li + r]iL^ + 7]^ L2 + r]2L^ + tigGq. (55) 

Here 770, 'U'^ , r]i, vt^ V2, Vg are ghost 'coordinates' with ghost number gh{'r]) = +1 and Vo, 
Pi, , V2, 7^2, Vg are their canonically conjugate ghost 'momenta' with ghost number 
gh{V) = — 1 satisfying the anticommutation relations 

{Vo,Vo} = {vg,Vg} = {vuVt} = {<,Pi} = {v2,Vt} = {vt,V2} = 1- (56) 

Our purpose here is to construct such an operator Q' in an explicit form. 

Let us turn to the algebra of the enlarged operators Lj. Straightforward calculation of 
commutators (in accordance with Section allows to to find this algebra in the form^ given in 
Table El where 

^In what follows we forget about operator since its enlarged expression is zero l + l' ^ 0. See formulas (|26(l 
and (gnj). 
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Lo 


Li 


Lt 


L2 




Go 







-m 


dSHl) 


-2jrL2 


27rL+ 





Li 














^1 


Lt 









Li 





-^^ 


L2 


27rL2 










Go 


2L2 


Lt 


-27rL+ 


Lt 





—Go 





-2L+ 


Go 





-Li 


Lt 


-2L2 


2Lt 






Table 3: Algebra of the enlarged operators 

[Li , Lo] = (7 - + 4/?rL+L2 - 4/5r/'+L2 - 4/3r^^L+ 

+ 2/5rGoLi - 2/?r/;Go - 2(3rg'oLu (57) 

[Lo,L+] = (7 - /?)rL+ + 4/?rL+Li - 4/3r/^+Li - 4/3H;L+ 

+ 2/3rL+Go - 2{3rl'+Go - 2/3r^oL+ (58) 

[Li,L+] = Lo - 7rGo + 4(2 - /?)r(/^+L2 + /^L+) 

- 2(2 - /3)r^[,Go + (2 - (3)r{Gl - 2Go - AL+L^). (59) 

The relations (jFrj) -()59 p show that the symmetry algebra is nonlinear (quadratic). Using the 
commutation relations one can write the right hand sides of quadratic products of the operators 
(|57|) -(|59| ) in various equivalent forms. Each such a form of writing the algebra can, in principle, 
lead to different BRST charges. It means, to control of constructing the BRST operator we 
should fix an ordering for quadratic products of operators in the algebra. We consider a most 
general ordering prescription. All possible ways to order the operators in right hand sides of 
fl37 j) - (j3^ are described in terms of arbitrary real parameters ^1, ^2, ^3, ^4, ^5- The ordered 
commutation relations look like 

[Li,Lo] = 7'^^i + (2-6)/3rL+L2 + (2 + a)/3rL2L+-4/3W'+L2-4/3W^L+ 
+ (1 - i2)f3rGoLi + (1 + 6)/5rLiGo - 2l3rl[Go - 2l3rg'^L^ 
+ (Ci-6)/^rLi, (60) 

[Lo,L+] = 7rL+ + (2 + e3)/?rL+Li + (2-e3)/9rLiL+-4/?r/^+Li-4/3r/;L+ 
+ (1 + i^)(3rLtGo + (1 - e4)/3rGoL+ - 2(3rl'+Go - 2Prg',Lt 
+ (^4 - e3)/3rL+ (61) 

[Li,L+] = Lo-7rGo + 4(2-/?)r(/^+L2 + /^L+)-2(2-/5)r(7^,Go 

+ (2 - P)r(Gl - CsGo - (2 + Cn)LtL2 - (2 - ^,)L2Lt). (62) 

Before we begin a construction of the BRST operator ones point out that the algebra of the 
enlarged operators in the case under consideration is very similar to one considered in [26]. 
The only difference of our case from [26] consists in the symmetry property of constants ff "^ 
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dnni). In [26] this quantity is symmetric in upper indices fjj^ = f^^, but in the present paper 
we leave them having arbitrary symmetry by means of introducing the arbitrary parameters 
^j. At = we have the symmetrized product of the operators in rhs of (p?j) - (jU^ and our 
algebra will be a partial case of the algebra considered in [26]. It was proved in [26] that the 
BRST operator includes the terms of first, thirds and seventh order in ghosts. Therefore one 
can expect in our case the analogous terms in BRST operator plus some extra terms stipulated 
by difference in symmetry of the constants f^J^. 

Now let us turn to construction of BRST operator. Demanding that BRST operator be 
Hermitian (with respect to the new scalar product (|5T|) ) we find equations on ^j. These equations 
leave us only one arbitrary coefficient which we denote ^, the others are expressed through it 
as follows 



e = 6 = 6 = 6 = ^4, 

In this case the commutators ()6()|l - ()62|l take the form 



0. 



(63) 



[^1 


,Lo] 


= ^rLi + (2 - 0PrLtL2 + (2 + 0/3^^2^+ - 4(3rl'+L2 - 4Prl'^L+ 
+ (1 - OPrGoLi + (1 + OPrLiGo - 2Prl[Go - 2l3rg'^U, 


(64) 


[Lo, 




= -frL+ + (2 + OPrL+Li + (2 - C)(3rLiL+ - A/Srl'+Li - APrl[L+ 
+ (1 + OPrLtGo + (1 - OPrGoLi - 2/?r/'+G'o - 2f3rg'oLt, 


(65) 


[Li, 




= Lo- TrCo + 4(2 - PW+L^ + I'^Lt) - 2(2 - (3)rg',Go 
+ (2 - [3)r{Gl - 21+12 - 2L2L+). 


(66) 



To find the BRST operator we write it as a Hermitian operator polynomial of seventh degree 
in ghosts and demand its nilpotency. Such a procedure leads to the following result for the 
BRST operator Q' 

Q' = r]oLo + r]tLi+ r]iL^ + 77^L2 + r]2L2 + tigGq - t]^ tjiVq - r]^ r]2'PG 
+ iVcvt + vt ^1)^1 + iViVG + vt V2)V'l + 2r]Gr]tT^2 + 2r]2r]GVj 
+ (3r7]tvo [4/'i+P2 + 4/^P+ + 2g',Vi + 21[Vg 

+ (3rr]oVi [^l[Vt + 4/^+Pi + 2g',Vt + 21[+Vg 

- Prr^tvo [(2 - 0^^^2 + (2 + 0^2^! + (1 " OGoVi + (1 + O^i^g 

- Prr^ovi [(2 - ^LiVt + (2 + OLfPi + (1 " OGoVt + (1 + OLt^G 

- (2 - P)rr]ir], [GoVg - 2L+P2 - 21.2^2^ - 2g',VG + KV2 + Al'^Vt 

+ 'yrr]fr]iVG + irrjQ r]lVi - ijiVf + 277^^2 - 2r]2V2 
ViV2VtVt + vtvt'Pi'P2 + vtvi'Pi'P2 

+ ntmVtVi + vtvi'PcVi + vtV2VtVG] . (67) 



+ 3/3^r?7o 



It is interesting to compare this result for BRST operator with the result of [26]. We see that 
BRST operator ()67|) unlike to [26] has no terms of the seventh degree in the ghosts (three 
ghost momenta and four ghost coordinates). The matter is that, according to [26] the presence 
(or the absence) of such terms in BRST operator depends on the number of operators whose 
commutators have quadratic rhs. To get the seventh degree terms we need at least four such 
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operators. In our case we get only three operators whose commutators have quadratic rhs 
These commutators are of Lq, Li, Lf operators, therefore we have only three ghost 
coordinates ijq, ijf, rji whereas the terms of seventh degree in ghosts demand at least four ghost 
coordinates. New point in compare with [26] is appearance in BRST operator the terms of 
fifth degree in ghosts. Their origin is another symmetry property of the constants fjj^ in the 
case under consideration in comparison with [26]. If we put ^ = (what corresponds to the 
symmetric ordering of the operators in rhs of the BRST operator Q' fl67|) has no 

terms of the fifth degree in ghosts as it should be in accordance with [26] . 

Further we will show that the arbitrariness in BRST operator stipulated by the parameter 
^ is resulted in arbitrariness of introducing the auxiliary fields in the Lagrangians and hence 
does not affect on dynamics of the basic field (jHl). 



7 Construction of Lagrangians 



To construct the Lagrangian we use the procedure developed in [31] for massive bosonic higher 
spin fields in the fiat space. According to this procedure we should extract dependence of Q' 
dnZj) on the ghosts tjg, Vg 

Q' = Q + VGi(y + h)-ri+r]2VG + 2Prr]oM^ -vtQ'Pc 

+ (1 + OPrvoivtLi - ViLt)VG - (2 - P)rvtvi{Go - 2g',)VG 

+ 'jrrjt 7]iVg + ^P^rrjoivi V2'Pt - V2Vi'Pi)'Pg, (68) 



where 



a + h = Go + vfPi - Vi'Pt + 2vt'P2 - 2r]2Vt 



[a,g] =0, 



(69) 



+ (2 - p)rr]tvi 



+ I3rr^tm [4/'i+P2 + 4/^P+ + 2g'^Vi] + (3rr^or]i [^l[Vt + + 2g',Vt 

- (3rrjtvo [(2 - 0^^^2 + (2 + 0^2^^^ + (1 " OCo^i 
(2 - OLiVt + (2 + OLtVi + (1 - OGoVt 
2L+P2 + 2L2Vt - 4^2+^2 - 4/^P+ 
vtVi - ViVt + 2vtV2 - 2r]2V^ 

ViV2VtVt + vtV2'Pi'P2 + vtVi'Pt'P2 + vtV2VtVi 
We consider that the ghost operators act on the vacuum state as follows 
Vo\0) = Vg\0) = vi\0) = Vi\0) = r]2\0) = P2IO) = 



(70) 



(71) 



and suppose [31] that the vectors and the gauge parameters do not depend on the ghost rjG- 
As a result we have from the equation defining the physical vectors Q'l"^) = 0, where |\E') is a 
vector in the extended space (including all ghosts except 77^) 



Q\^) = 0, 


{a + h)\^)=0, 


ghm) = o, 


(72) 


6\^) = Q\A), 


(a + /i)|A) = 0, 


gK\A)) = -i, 


(73) 


6\A) = Q\n), 


{a + h)\n) =0, 


gh{\n)) = -2. 


(74) 
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Since we can not write a gauge parameter with ghost number —3, the chain of gauge transfor- 
mation is finite. 

Let us discuss construction of Lagrangian for the field with a given value of the spin s. The 
middle equation of (|72|) is equation for defining the possible values of the arbitrary parameter 
h. Ones can see that it takes the values — /i = s + ^ — 3 and these values are connected with 
the spin of the field. Having fixed a value of the spin we define the parameter h. This value of 
h is substituted into the other equations (f7^ - (f7H) (including operator Q). Let us denote Qs 
the operator Q (f7n|) where we substituted s + | — 3 instead of — /i 

and let us denote the eigenvectors of the operator a (j69|) corresponding to the eigenvalue 

as \x)s 

^Ix). = {s + l-S)\x)s, Ql\x)s^O. (76) 

Thus for a given spin-s we have from (|7^ - (|7^ the equation of motion and the gauge transfor- 
mation 



= 0, (77) 

5\'^)s = Qs\A)s, (78) 

5\A)s = Qs\^)s (79) 

and the middle equations of (f7^ - (ffH) are satisfied by construction. 

Next step [31] is to extract the Hermitian ghosts tjq, Vq in equations (|77j)-(I7H). We have^° 

Qs = AQ + 7]oLo-r]tr]^Vo, (80) 



(2 - (3)rr]f rji 



2L+V2 + 2L2V. 



Al'+V2 



vtv2Vt 

^l'2'Pt 



(81) 



+ Prr^t [(2 - 0LtV2 + (2 + 0^2^^ + (1 - 
- /3rr/i [(2 - OLiVt + (2 + O^^^i + (1 - OGoVt 
+ ir L+Pi - ri{PX + 2?^2^p2 - 2772^2 
+ 3/3^r r]xr]2VXVt + ritr]tViV2 + vtvi'Pt'P2 + vtV2VtVi 
for the operator Qs and 



|vi/) = \S)+vo\A), 
|A) = |Ao) + r7o|Ai), 



\Q) = |0o) 



^2) 



^3) 
M) 



^"Hcrc and further ones assume that we substituted s + ^ — 3 instead of —h in aU the operators l'^. 
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for the gauge parameters. As a result we have the equations of motion and the gauge transfor- 
mation 



Lo\S) - AQ\A) = 0, AQ\S) - vtvM) = 0, (85) 

5\S) = AQIAo) - vtvil^i), S\A) = £o|Ao) - Ag|Ai), (86) 

S\Ao) = AQ\n), S\A,) = Lo\n). (87) 

It is easy to show that the equations of motion (j85|) can be derived from the following 
Lagrangian 

Cs = {S\K^^Lo\S)-AQ\A)^ + {A\K{-AQ\S)+r]tvM)} (88) 
which can also be written in a more compact form 

Cs = [ drjo s{^\KQs\^)s. (89) 



Now we fix the arbitrary parameter mp. It is defined from the condition of reproducing the 
conditions ()23|) for the basic vector |$) The general vector includes the basic vector 
1$) as follows 

1^) = + (90) 

where the vector \^a) includes only the auxiliary fields as its components. One can show, 
using the part of equations of motion and gauge transformations, that the vector \^a) can be 
completely removed. The details are given in Appendix O As a result we obtain the equation 
of motion for the basic vector (j77p in the form 

(/o -m^ + M2)|$) = = /2|$) = 0, (91) 

where is defined in (I46j) . We see that the Lagrangian reproduces the basic conditions (j23|) 
if = m^. It leads to 



ml = -a'^^ r - {f3 - 2)h{h - 2)r + -fhr. (92) 



It is intersting to note that in case of a = 7 = 0, /3 = 2 we will have ml = 0. Such a situation 
was considered in [23] where the higher spin massless bosonic fields in AdS space were studied. 

One can prove that the Lagrangian (|H^ indeed reproduces the basic conditions (j2Sl)- The 
details of the proof are given in Appendix O Relation (jH^ where the parameter ml is fixed 
by is our final result. 

Construction of the Lagrangian describing propagation of all massive bosonic fields in AdS 
space simultaneously is analogous to that in the fiat space [31] and we do not consider it here. 

Let us turn to examples. 

8 Examples 
8.1 Spin-0 field 



For a scalar field with spin s = we have h = 3 — ^. Then the vector \^)s which satisfies the 
condition (fTBj) and has the proper ghost number ()72|) looks like 

1^)0 = ^{x)\0). (93) 
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Then using fj^ . ()B.32|) the relation for Lagrangian (|HHj) gives 

£o = V9|v2 + r(6-2d) + m2|v? 
It is easy to see that this Lagrangian reproduces the equation (j21) for s = 0. 



(94) 



8.2 Spin-1 field 

For a vector field we have /i = 2 — |. Then the vector \'^)s and the gauge parameter | A)^, which 
satisfy the condition (fTUI) and have the proper ghost numbers (f7^ . (f7H|) . look like 

= [-ia''^A^ix) + btAix)]\0)+r]oVtipix)\0), (95) 
|A)i = P+A(x)|0) (96) 

Using (j^ . ()B.32|) we find the Lagrangian (jHHj) for vector field 



-A^ 



{V^ -r{d-l) + m^)A^-V^,^ 



m , 
+ ^A 
mi 



(V^ - 4r + m^) A - niiip 



mi . 



(97) 
(98) 



and the gauge transformations (jHHj) 

6Af,{x) = Vf,X, 6A{x) = miA, Sip{x) = (V^ + m^)A. 

The relations (jU7j) and ()98|) are the final result for massive vector filed. We obtain the gauge 
invariant theory in terms of vector filed and two auxiliary scalar fields A and 

Let us consider the massless limit of this theory. To do that we put m ^ in (jUTj)^^. Then 
the field A vanishes and we obtain the theory of the massless field s = 1 in AdS space. 

Now we show how the Lagrangian ()97p is transformed to the conventional form. Let us 
rescale the field A 



— A 

nil 



A A. 



(99) 



In this case Lagrangian ()97|) and the gauge transformation (jUHj) are rewritten as 
£ = -A^^^^[V^ + m^-r{d-l)\A^-V^^] 

+ a| [V^ + m^]A- mv?| + - - m^j, (100) 

5A^{x) = V^A, 6A{x) = mX, 6ip{x) = (V^ + m^)A (101) 

and they become independent of mi. 

Ones exclude the field if{x) from Lagrangian (|100|) with the help of its equation of motion. 
It leads to 



where 



C = lF''''F^,-{mA^-V,A)imA^-V^A), 



(102) 



flU ^ '■U V (103) 

Now removing the field A with the help of its gauge transformation we arrive at the conventional 
form of Lagrangian for spin-1 field (up to an overall factor) 

C = \F''''F^,-m'A,A^. (104) 



^^Ones remind that arbitrary parameter mi arose in Section 5 when we constructed the additional parts of 
the operators. In general it has no relation to physical mass m and should not tend to zero in massless limit. 



17 



8.3 Spin-2 field 

For spin-2 field we have h = 1 — ^. Then the vector and the gauge parameter \A)s, which 
satisfy the condition (fTBj) and have the proper ghost numbers (f7^. (fTSj) . look like 



1^2) 
1^1) 
|Ai) 



i/(x)|0), 
-2a^+//^(x) + 6+A(x)]|0), 

-za^+A^(2:) + 6+A(x)l |0), 



\A2)=H2{X)\Q), 

\\2) = Hxm. 



Here \Si), |Ai) a re def ined in (ini]) -(iri4l). 

Using (j^^ . ()88|) . ()B.32|) we find Lagrangian for the massive spin-2 field in the form 



1 J^^lv 



+ m - 2r 



+ (2 + i)firg^,H + ^^.//a - 2V^i/.} 



rf- 2 



4/3r 



rf- 2 



+ + 2r(rf - 1) 



Hi 



mi J J 



^ [V^ + + r(d - 1)] A^ - W ,A - rmH^^ 



+ 



m 



2m2 + 2r{d - 1) 



<^-Hi <{ ( + + 2r(d - 1) ) - 

2 

mi 



2 

i/| (^V^ + + 2r(rf - 1) + 2^/?r)i/ - V^H^ - ^ A + i/2 



r/ — 2 

i (2 + 0/3ri7^ + /3r(2 - ^ ^ ^^i + (3r{2 - — 



mt 



m 



-f^U!/ — Hu— V nH H v4„ 

mi 



A\W^A^-mi{H + Hi)- A + 



2m^ + 2r{d-l) 



mi 



V9 



Using (jEHI), (|n2)) ones find the gauge transformations 



6A„ 



V„A + mi A 



5Hi = A2, 
= miA, 



5H = WX^ + — X-X2, 

mi 

§A= (v^ + m^ + 2r{d-l)'^X, 



m 



5H2 = (2 - OPrV^X^ - (2 + 0/5r — A 

mi 

+ (V' + m^ + 2r{d - 1) + f3r{2 -2d + 0)A2. 



(105) 
(106) 
(107) 

(108) 



(109) 

(110) 
(111) 

(112) 

(113) 
(114) 

(115) 



The relation p09|) and the above gauge transformations are our final result for massive spin-2 
theory in AdS space. We get the gauge theory in terms of basic filed H^y and some number of 
auxiliary fields. 

In massless limit m —>■ 0^^ in ()109|1 we get Lagrangian for the massless spin-2 field in terms 
of the fields H^^, H^, H, Hi and H2. 

Now we rewrite the Lagrangian ()l()9j) in more conventional form. Let us make the following 
transformation. First, we redefine the fields 



m 



A = A' 

mi 

and the gauge parameters 



d - 2 d-2 

Hi H rrip = 

2 ml^ 2 

74., — -^11 A... ^ 



d 



mi 



mi 



m . 

— (p = if 
mf 



A. 



(116) 
(117) 

(118) 



Then we use the equations of motion for i/^, A in fll09p and remove field Hi with the help of 
its gauge transformation. After that the gauge parameters A and A2 are not independent 



A2 + A 

d-2 



0. 



(119) 



Next we use the equations of motion for the fields H2 and H in previously obtained Lagrangian. 
Finally, after one more rescaling the field (f 



2{d-l) 



1 



r 



-d — 2 ' m^ 
we arrive at Zinoviev's Lagrangian [6] 



1/2 



^ = V 



(120) 



1 TTIJ.U 
2 



+ m - 2r 



+H 



u -I H^ 



+ + r{d - 3) 



+ r{d - 1)] - V^V^A,} + ip(v 

2{d-l 



d 



d-2 



H' 



m? I (/5 



m 



1/2 



^ ''\d-2 
+ 2m[if;VM^-if^'^V^A, 

with the gauge transformations 



mH^ - 2V^A^ 



'■/lU 

SA^ 

Sip 



V^A + mA^, 



2{d 



m 



2m 
d-2 

1/2 



A, 



d-2 



A. 



It is easy to see that at 



r + 



d-2 



(121) 

(122) 
(123) 

(124) 
(125) 



^We assume as in Subsection 8.2 that the arbitrary parameter mi does not tend to zero in this hmit. 
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Lagrangian ()121|) splits into a sum of two independent parts with helicities ±2, ±1 {H^i,, A^) 
and the scalar field ip. Thus the field H^^, becomes partial massless at 



in accordance with [3]. 

9 Summary 

We have developed the gauge invariant approach to deriving the Lagrangians for bosonic mas- 
sive higher spin fields in arbitrary dimensional AdS space. The Lagrangian includes the Stueck- 
elberg fields, providing the gauge invariance in the massive theory, and the complete set of the 
auxiliary fields which should be introduced for Lagrangian formulation in higher spin theory. 
The approach is based on BRST construction for special nonlinear symmetry algebra formulated 
in the paper. 

We begin with imbedding the massive higher spin fields into the vectors of auxiliary Fock 
space. All such fields are treated as the components of the vectors of the Fock space and the 
theory is completely formulated in terms of such vectors. The conditions defining the irreducible 
representation of the AdS group with given mass and spin are realized by differential operators 
acting in this Fock space. The above conditions are interpreted as the constraints on the vectors 
of the Fock space and generate the closed nonlinear symmetry algebra which is the main object 
of our analysis. As we proved, derivation of the correct Lagrangian demands an extension and 
deformation of the algebra. BRST construction for such nonlinear symmetry algebra is given. 
It is shown that the BRST operator corresponding to the extended deformed algebra defines the 
consistent Lagrangian dynamics for bosonic massive fields of any value of spin. We constructed 
the gauge invariant Lagrangians in terms of Fock space in the concise form for any higher spin 
fields propagating in AdS space of arbitrary dimension. It is interesting to point out that the 
gauge transformations in the theory under consideration are reducible, the corresponding order 
of reducibility is equal to unit. As an example of the general scheme we obtained the gauge 
invariant Lagrangians and the corresponding gauge transformations for the component spin-0, 
spin-1, and spin-2 massive fields in the explicit form. The Lagrangians for component massive 
fields with other spins can be analogously found using the simple enough manipulations with 
creation and annihilation operators in the Fock space. 

The main results of the paper are given by the relations (j88|) . (j89|) where Lagrangian for 
the massive field with arbitrary integer spin is constructed, and (|HB|). (jS7|) where the gauge 
transformations for the fields and the gauge transformations for the gauge parameters are 
written down. 

The procedure for Lagrangian construction developed here for higher spin massive bosonic 
fields can also be applied to fermionic higher spin theories in AdS background and for fields 
with mixed symmetry tensor or tensor-spinor fields (see [25] where bosonic massless fields with 
mixed symmetry were considered in Minkowski space). The results obtained open a principle 
possibility for derivation of the interacting vertices for massive higher spin fields in AdS space. 
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Appendix 

A Differential calculus in auxiliary Fock space. 

We consider an arbitrary d-dimensional Riemann space with metric g^v{x) which can be ex- 
pressed in terms of the vielbein e^^{x) 

9,,u{x) = Vbc ejl(x) el{x) , g^\{x)g^''{x) = 6"^ , 

(A.l) 

where r/f,c is the Minkowski metric with the signature r/f,c = (+, — , — )• 

We introduce the creation and annihilation operators and carrying flat-space indices 

h 

[cfe, a+] = -?7fec , K, aj = , [a+, a+] = , (A. 2) 

aft|0) = 0, (0|0) = 1, aX-^X+-0, (A.3) 

where |0) is the vacuum vector of the Fock space. Any s-particle vector |$*) can be presented 
in the form 

1$^) = a^i+...a^=+|0) , 7V|<I>") = s|<l>") , N = -a!'+ab, = r]^^a+ , (A.4) 

where ^bi...bs{x) is a symmetric tensor field of rank s. It is useful to introduce the creation and 
annihilation operators a^(a;) and a^{x) by the relations 

They obey the properties 

[a+(x),a+(j;)] = , [a^(x),a„{x)] ^ , [af,(x),at(x)] ^ gi,^{x) , a^(a;)|0) = (A.6) 

and create the s-particle vector 

1^0 = a'^i+(x)...a''^+(a;)|0) , Ar|$^) = , (A.7) 

N = -a^+(x)a^(x) , 0^^+ = 5'^'^(2:)a+(a;) . 

where ^^^...^^{x) is a symmetric tensor on the Riemann space. 

Ones introduce the operator acting on any operator tensor with curved-space and with 
flat-space indices by the rule 

-D^Qz = (v^Q:::)-a;/,K+a,,Q::;] , 

where the dots denote the curved-space and flat-space indices. The is the proper covariant 
derivative. It is clear that this operator possesses the Leibniz rule 
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From definition of it follows that it acts on usual tensor fields (which do not depend on 
creation and annihilation operators) as the covariant derivative 

'D^^^,^,...^,Sx) = y,,^,,,^,,...^,,{x) , V^^b,b,...bM = V^$6,b,...fe^(x). (A.9) 

In particular we have 

T>^gap{x) = y^,ga|3{x) = 0. (A.IO) 

Consider the action of T)^ on the creation and annihilation operators with fiat-space indices. 
Ones obtain 

V,a' = d,a' + uj' - < , [a'^+a,, a'] = + u^,')a^ = , V,a'^ = 0, (A.ll) 
because of (9^a^ = 9^a^+ = and u>^^^ = —oj^J'. Therefore 

= (VX)«' = 0, 2^X^ = 0- (A.12) 

The property of covariant constancy of the creation and annihilation operators ()A.11|) . 
flA.12|) allow us to consider the operator as representation of the covariant derivative on 
vectors 1$^*) if we assume that 'D^\Q) = 0. Indeed, we have 

= (v^<l>^,^,...^,(x))a'^^+(a;)...a'^=+(x)|0) = (v^<l>,,,,...,,(a;)) a^^+...a^^+|0) (A.13) 

In a similar way we can find the action of the commutator of the covariant derivative on 
the vectors ()A.7|) 

[V„V,]\<!>^) = -R^y-^a^l^^) = -7^^^,a^+a,|«^>0 , (A.14) 

where we used notations 

■^"pijLv = ^At-'^"/3i^ ~ "^yF"^^ — T^p^V^^^^ + F^j,F";^^ , (A. 15) 

= d,u;,\-d,u;^\~u^\u,\ + uj',i^^\ (A. 16) 

for the curvature tensors. 



B Calculation of the additional parts 

In this Appendix we show how the representation of the algebra given in Table El can be 
constructed in terms of some creation and annihilation operators. 

Let us consider a representation of this algebra with the vector |0)v' annihilated by the 
operators l[ and 

mv = mv = ^ (B.i) 

and being the eigenvector of the operators /[,, g'^ and /' 

QQ)v = ml\Q)v, g'^\Q)v = h\Q)v, /'|0)v = m^|0)v, (B.2) 
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where mo, are arbitrary constants with dimension of mass and /i is a dimensionless arbitrary 
constant^^. They are the arbitrary constants which must be contained in the additional parts 
of Hermitian operators. Next we choose the basis vectors as follows 



hi, ^2) 



V 



nil 



— ) (^2^rio)v, 



(B.3) 



where mi is an arbitrary nonzero constant with dimension of mass. It may be constructed from 
the parameters of the theory mi = /(m, r) 7^ 0. It is easy to find how the operators /', l'^ , 
q'q act on these basis vectors 

/'|ni, n2)v = m\\ni,n2)v, (B.4) 

(B.5) 
(B.6) 
(B.7) 



/i |?2i, n2)v = mi|ni + 1, ^2)1/, 
^2^|^i,'^2)y = \ni.,n2 + l)y, 
g'o\ni,n2)v = {ni + 2^2 + h)\ni,n2)v- 



Calculation of how the rest operators I'q, I'l, I2 acts on the basis vectors is much more difficult. 
First we find that 

: 2jrn2\ni,n2)v + {l2^r%\nu0)v, (B.8) 
: -min2|ni + l,n2-l)y + (/^+)"^/i|ni,0)v, (B.9) 
: {n2-l + ni + h)n2\ni,n2~l)v + {l2^T'h\ni,0)v. (B.IO) 

Thus it remains to calculate how the operators I'q, l[, I2 act on the basis vectors |ni,0)y. 
To do this we define some auxiliary operators and their action on the vector \0)v 





rii 


n2)v 


I'l 


rii 


n2)v 


1'2 


ni 


n2)v 



9o' 



1+ 



Ko|0)y = M/i-2)|0)v, 

i^l|0)y = mi(2/l-l)|l,0)y. 



where 



i^2|0) 



I'q + m' + r+if3- 2)rKo - ^rg'^, 

4M2|0, 1)v + 2ml\2, 0)y, K'^^v = M^\0) 



K' 



V 



V-, 



rn? + mg + a^^^^j^ r + (/5 — 2)rh{h — 2) — 7r/i. 



In terms of these operators we have 



K' 
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// 7/4 



-(3rKi + 7r/i 



/+ 



K2A 



1+ 



(B.ll) 
(B.12) 

(B.13) 

(B.14) 
(B.15) 

(B.16) 
(B.17) 



Using the above formulas we obtain 

^~ol^i,0)y = mo|ni,0)y + 7rni|rai,0)y 



-Pri2h-l)J2 
-2(3rJ2 



AprM 



k=0 
2 



k=0 
-I k 



m 



1 J 



m 



E 

fc=0 



m 



C2+2\ni-'^Kk)v 



C^^^,\m-2k-2,k + l) 



1 J 



V 



(B.18) 



^•^The representation given by ljB.l|) and (|B.2|) is called in the mathematical literature the Verma module. It 
explains the subscript V at the vectors. 
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where 



Substituting (iRTsj) into (lR8|l ones get 



k\{n-k)\ 

Qni,n2)v = rno\ni,n2)v + 7r{ni + 2n2)\ni,n2)v 



(3T{2h 



fc=0 



m 



1 J 



C2+Mi-'^k,n2 + k)^ 



A(3rM 



k=0 
2 



C^^+2\ni-2k,n2 + k)v 



E 

fe=0 



C2"fc+2l^i-2A;-2,n2 + fc + l) 



Analogously one can first find 



2h-l^ 
hPi,0)v = mi — - — 



k=l 



1 k 



C2\ni-2k + l,k-l) 



V 



k=l 



+ — > 

^ fc=0 



m 



1 J 



C2+i\ni-2k + l,k-l) 



C2+M,-2k~l,k)v, 



V 



(B.19) 



(B.20) 



/2|ni,0)i 



1 - 2h 



E 



k=l 



2 ^ 

fc=i >- 

"E 

k=0 



-8r 



C27_^i|ni-2A;,A;-l)y 



C2",V2lm-2A;-2,A;), 



(B.21) 



and then substituting ()B.20|) and ()B.21|) into ()B.9|) and ()B.10|) respectively we find how operators 
l'^ and act on the basis vectors |ni,n2)y 



l[\ni,n2)v = -mi?7.2|ni + 1,^2 - l)v + 

k 



2h-l^ 



k=l 



ml 



C2\ni-2k + l,n2 + k-l)^ 



+ fE 



k=i 



n k 



mi 

^ k=0 



2 

m| 



Ca^fc+il^i - 2A; + 1,^2 + A; - 1)^ 



C2^i\ni-2k-l,n2 + k)v, 



(B.22) 
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/2|ni,n2)y = {n2 - I + rii + h)n2\ni,n2 - l)v 



2h- 1 



4 



E 

k=l 



-8r 
mf 



1 k 



C^^+ilni -2k,n2 + k- l)y 



k=l 



mf 



C:^l+2Wi-2k,n2 + k-l) 



V 



k=0 



m 



1 J 



^2^+2 1^1 -2k-2,n2 + k)v. 



(B.23) 



Now let us turn to construction of a representation of the operator algebra given in Tabled 
in terms of creation and annihilation operators. The number of pairs of these operators and 
their statistics is defined by the number of operators used in the definition of the basis vectors 
()B.3|) . Thus we introduce two pairs of the bosonic creation and annihilation operators with the 
standard commutation relations 



1, 



1, 



(B.24) 



corresponding to l'^, l'^ and 1'2, 1'2 respectively. After this we map the basis vectors ()B.3|) and 
the basis vectors of the Fock space generated by hi , 



\ni,n2) 



V 



(6+r(&^no) = K,n2) 



(B.25) 



and find from ()B.4|) - ()B.7|) . ()B.19|) . ()B.22|) . ()B.23|) form of the operators in terms of the creation 
and annihilation operators 



/'+ 



m 



2) 



1+ = mib{, 

g'o = b+bi + 2b+b2 + h, 



(B.26) 
(B.27) 



,2 + ^r{btbi + 2btb2) - I3r{2h - 1) b| 

oo 

■2/?r6f ^ 



fc=0 



k ^+k i2k+2 



(2A; + 2)! 2^ ^ 



k=l >- 



' bt' 6f +^ 

J2k + iy. 



{2k)\ ' 



fB.28) 



—mibib2 + rriibi 



2h 



E 

k=l 



1 k 



\fe-l L2fc 



k=l 



{2k + l)\ 



{2k)\ 
+ > 

^ k=0 



mt 



bf bf+^ 

J2k + Ty/' 



[B.29) 



2/7-1 

{btb2 + btbi + h)b2 —btY, 

k=l 



4 



mt 



^ oo 

-^f^E 



k=l 



'{btf-Hf+' 

{2k + 2)1 



mt 



E 

fc=0 



(2fc+ 1)! 

k l^+k^2k+2 



mt 



[B.30) 



(2fc + 2)!' 

Finally we put the arbitrary constant m\ to be equal to ra^ = —w? — a^^^^^^ r. Thus we have 
obtained the expressions of the additional parts (|39| ) - (j45|) for the operator algebra given in 
Table H 
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Let us find an explicit expression for tlie operator K wliicli used in tlie definition of tlie 
scalar product ()51|). The defining relations for this operator are given by ()52|) -()54 |) . These 
relations shall be satisfied for any |\E') if they shall be satisfied for the basis vectors of the 
Fock space |ni,n2). Then using arguments of [25,30] one can check that the following operator 
satisfy 

oo ^ 

K = Z+Z, Z= \ni,n2)v — j — r(m,'^2|- (B.31) 

^ ni\n2\ 

n\ ,n2=U 

For practical calculations it is useful to note that y (n^, Ji^ni, 77-2)^ ~ ^n'+2r?- -^^^ ^'^^ numbers 
72,1 + 2n2 the operator K is 

K = \0){0\ + —bt\0){0\h + hbi\0){0\b2--^(bt'\0){0\h + bt\0){0\bl 
mi 2m| V 



This expression for the operator K is used when we give the examples. 



C Removing of the auxiliary fields 

In this Appendix we explain how the conditions ()23j) on basic vector (jH} can be obtained from 
equations of motion ()85p following from Lagrangian ()89|). 

First we explicitly extract the dependence of the fields and the gauge parameters on the 
ghost fields 

\s) = \s,) + vt'Pt\S2) + vfPtlSs) + vfPtls,) + vtvtis,) 



+ vtvtvtvt\s,), (C.l) 

\A) = vt\A,) + Vt\A2) + vtVtVt\As) + vtVtVt\A,) (C.2) 

|A) = |Ao)+r/o|Ai), (C.3) 

Ao) = Vt\Xi)+Vt\\2) + vtrtVt\Xs)+4VtVt\\,) (C.4) 

Ai) = VtVt\X,), (C.5) 

\n) = vtvt\Lo). (C.6) 
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In this notation the Lagrangian (jH^ takes the form 



L = {S^\K{Lo\S,)-Lt\A,)-Lt\A2)-Pr i2 + 0L'. 



(3r 



\S2) 



(1 - OGo - 2g',\ \S,) - 37r|5i) - 3r/5e|5i)} 
- {S2\K{U\S2) - LilAi) + - L+IA3) 

+ (5r [(1 - OGo - 2g'^ l^^) + fir [(2 + 0^2 - 4/^] 

+ /3r [(2 - i)Lt - 4/'+] 1^4) - 7r|52) + 3r/3^|,S2)} 
-{S^\K{U\S^) - U\A2) + Lt\A^) 



+ pr 



+ (2 - /3)r 



2Lo - 4/' 



|Ai)-(2-/3)r 



2L2+ 



-{Ss\K{Lo\S,) - L,\Ai) - Lt\A^)} 
-{S,\K{Lo\S5) - L2IA2) - IA3) + Lt\A,) 



+ pr 
+ pr 



(2-0^1-4/; \S,)-Pr (l-e)Go-2^?^ 1^5) 



(2 + 0^2 



+ {Se\K{Lo\Se) + L^IA,) - LM4) + Pr (1 - ^)Go - 2g', \Se) 



-Pr 



(2 + OL2 - 4/^ 1^5) + S^r\Se) - 3rP^\Se)} 



-{A,\K{L^\S^) - 1^82) - mS,) - \A^) 



+ (2 - p)r 



2U 



\S.)] 



-{A^\K{L^\S^) + 1^2) - Lt\Sr,) - L+IS'4)} 
+ {A^\K{L2\S2) + 1^5) - ^11^4) + Lt\S,)] 
-{A,\K{U\S,) - L2I53) + L+\S^) + IA4) 

-(2-/9)r[2L2-4d|54)}. 



(C.7) 



Here we see at /3 = 7 = (these values don't correspond to that which give /q many terms 
in ()C.7|) disappear and the expression for the Lagrangian is simphfied. 
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The equations of motion which follow from Lagrangian ()C.7|) are 



Lo\Si) - Lt\Ar) - Lt\A2) ~ fir 



\S2) 



(2 + 0^? 

- I3r [(1 - OGo - 2g', + 3^] l^i) - ?>ir\Si) = 0, (Ci 
Lol^s) - L,\A,) + \A,) - Lt\A,) + /?r [(1 - i)G, - 2^7^ + 3^1 1^^) - ^^S^) 



+ Pr 



(2 + OL2 - 4/^ l^i) + Pr {2- OLt - 4/'+ 1^4) = 0, 



(C.9) 



Lo\S3)-L,\A2)+Lt\A3)+(3r {2 - ^Li - \S2) + I3r {2-OLt~4l'+ \S,) 



+ {2-(3)r 



2L2 - At 



|Ai)-(2-/3)r 



2L+-4/^+ 



IA4) = 0, 



Lo\S^)-L2\A^)-Lt\A^) = Q, 
Lo\S^) - L2\A2) ~\A:,) + Lt\A,) 

+ Pr 



[3r 



{l-^)G,-2g',~?,i\\S,) + ^r\S,) 
Se) = 0, 



4Z^+ 



(2-OLi-Al[\\S,) + (3r[{2 + OLi 
Lo\S,) + L2IA3) - L1IA4) + f3r [(1 - OGo - 2g', - 3^] l^e) + 'iir\S,) 
-l3r\{2 + i)L2-Ad\S,) = Q, 



U\Si) - Lt\S2) - Lt\S^) - \A^) + (2 - (3)r 

L2\S,) + \S2)~Lt\S,)-Lt\S,) = 0, 
L2\S2) + \S,)-Li\S,) + Lt\Se)=0, 
L,\S,) - L2\Ss) + Lt\Se) + \A,) - (2 - P)r 



2Lt - 



1^4) = 0, 



2Lo - Al' 



\s,) = o. 



(C.IO) 
(C.ll) 

(C.12) 

(C.13) 

(C.14) 

(C.15) 
(C.16) 

(C.17) 



These equations of motion and the Lagrangian ()C.7|) are invariant under the gauge trans- 
formations 



6\S,) = Lt\Xi)+Lt\X2), 
S\S2) = L^\\^)-\\2) + Lt\Xs), 

5\Ss) = L,\\2)-Lt\\s)-\X,)-i2-P)r 



2Lo - Al' 



|Ai) 



2L+ - Al'+ 



IA4), 



+ (2 - P)r 

6\S,) = L2\\i) + Lt\X,) 
S\S5) = L2\X2) + 1X3) -Lt\X^) 
5\Se) = ~L2\X3) + L,\X,) 
6\A,) = CLo-2^r)\X,) + Lt\X,), 

6\A2) = (Lo - 7r)|A2) - L+IA5) + /5r [(2 - ^Li - Al[j |Ai) 
- (3r [(1 - OGo - 2g'o] | A^) - /9r [(2 + 0^^^ - K 

6\As) = (Lo + 7r)|A3) - L,\X,) + /3r [(2 + 0^2 - 4/^] IA2) 

+ /3r [(1 - 0^0 - 2g',] | A3) + f3r [(2 - ^Lf - 4/i+] | A4) 

<5|A4) = (Lo + 27r)|A4)-L2|A5), 



IA3), 



(C.18) 
(C.19) 



(C.20) 

(C.21) 
(C.22) 
(C.23) 
(C.24) 

(C.25) 

(C.26) 
(C.27) 
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in its turn the gauge parameters are not uniquely defined but are invariant under transforma- 
tions 

S\\^) = -Lt\u), 5\X2) = Lt\u;), SIX^) = L,\u), (C.28) 

6\Xi) = L^luj), (^lAs) = Lolco). (C.29) 

One can see again tliat tlie gauge transformations ()C.18|) - ()C.27|) are simplified at /3 = 7 = 0. 
C 1. The gauge fixing 

First we discard the gauge parameter IA5) and consider |Ai), IA2), IA3), IA4) to be independent. 

Next we remove dependence of l^i) on the operator bf using the parameter |Ai) and using 
the gauge parameter IA2) we can remove the field IS'3) using some components of IA2) 



2 



5\S3) = Li|A2) + ...= (— 6i + ...)|A2) + ... (C.30) 

After this we have used parameter |Ai) completely and we have the restricted parameter IA2): 
^'i|A2) = 0, i.e. IA2) is independent of bf. Using this restricted gauge parameter IA2) we can 
remove dependence of l^i) on 6^ getting 15*1) = |$). After this the parameter IA2) is exhausted. 
Next we remove dependence of the vectors IS'2) and IS'4) on 6^ with the help of the parameters 
I A3) and IA4) respectively. Now we have used all the gauge parameters. Let us show that the 
rest auxiliary fields are zero as consequence of the equations of motion in this gauge. 

C 2. Removing of the auxiliary fields with the equations of motion 

After the gauge fixing we have the gauge conditions 

|5i) = |$), h\S2)=0, \Ss) = 0, 621^4) = 0, (C.31) 
where |$) is the basic vector (jH)). Let us look at the equation of motion ()C15|) 

l2\^) + \S2) - Lt\S,) - = 0. (C.32) 

Acting on this equation by the operator 62 and using ()(I3Hl we get 

62^+1^5) = =^ 1^5) =0. (C.33) 
Acting by £»2 on ()C.14|) we get 

62IA) =2r(/3-2)|S'4) =^ 62^21^1) = 0. (C.34) 
Thus we can decompose \Ai) 

\A,) = \A[) + bt\A';), (C.35) 

and ()C.34|) takes the form 

|A;') = 2r(/5- 2)1^4). (C.36) 
Acting twice by 62 on ()C.8|) we get 

b2b2Lt\A2) = ^ 621^2)= 0, (C.37) 
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thus 1^42) does not depend on 6^. 

Let us expand the fields IS'2), |5'4), \A[), \A'(), \A2), in powers of 

\S2) = Y.(bt)'\S2k), \S,) = Y.{bt)'\S,,), (C.38) 

fc=0 k=0 

s— 1 s— 3 s—2 

= J2^btr\A[,), \A';) = J2ibt)'\A';,), \A,) = J2ibt)'\A2k). (C.39) 

k=0 k=0 k=0 

Then decomposing the equations of motion in powers of and 6^ ones obtain (here we assume 

m) 

Equations of motion (1C.8|1 



(btr ~m,\A'i,s-i) = 0, (C.40a) 

{btr' -mM'i,s-2) = lt\A[,s^i), (C.40b) 

(bt)' -m,\A'i,k-i) = lt\A[,) + lt\A2k) + /9r(2 + 0^2+1^2.), (C.40c) 

{lo + 4(2 - P)lp2)m = ni^'io) + ^2+1^20) + /3r(2 + Olt\S2o), (C.40d) 



Equations of motion ()C.14|1 



(btr' -m,\S2,s-2) = \A[^s-i), (C.41a) 

-rn,\S2,s-3) = \A[^s^2) + it\S2,s-2), (C.41b) 

(bt)' -mi|52,fc-i) = \A[,) + lt\S2k) + 2rif3 - 2)l+\S,k), (C.41c) 

{btf hm = lt\S2o) + \A[,) + 2riP - 2)lt\S,o), (C.41d) 



Equations of motion (IC.15)1 

(bty-^ mi|54,s-3) = \S2,s~2), (C.42a) 

ibty-' rm\S,,s-4) = \S2,s-3) - lt\S4,s-3), (C.42b) 

(bt)' mi\S,,k-i) = \S2k) - lt\S4k), (C.42c) 

(bt)' l2m=lt\S,o)-\S2o), (C.42d) 



Equations of motion ()C.14p 



btibt)' \A';,) = 2rif3-2)\S,k), (C.43) 



Equations of motion (IC.Sp 

b+ibty-' \A2,s-2) = /3r(2 - 0\S2,s-2) - mMls-s)^ (C.44a) 

btibtY"' \A2,s-s) = Pr{2 - 0\S2,s-3) - mMl^,) - lt\A'l,^,), (C.44b) 

btibty \A2k) = (3r{2 - 01^2^) - m,\Al,^,) - lt\Kk). (C.44c) 

bt^bXf IA20) = (ir{2 - 01^20) - /^|A;'o), (C.44d) 
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One can show that the solution of equations of motion ()C.40|) - ()C.44|) is 



1^2) = 1^4) = \Ai) = \A2) = 0. (C.45) 

To see this one should start from the two first equations of ()C.40|) . They give |v4'^j,_]^) = 
l^'is-2) — 0- Then we go down to next set of equations ()C41|) . The first two of them give 
us |<S'2,s_2) = |<S'2,s_3) = 0. Going down to the subsequent sets of equations ()C.42|) . ()C.43|) . 
()C.44|) we obtain one after another that |5'4^s-3) = IS^^s-i) = 0, \A'( = \A'( = 0, 
1^2,5-2) = 1^2,5-3) = 0. After this we return to the first set of equations ()C.40|) and repeat the 
procedure until we obtain (l(J.45l) . After this we get from ()(J.40djl . (l(J.41djl . (l(J.42djl that the 
equations on the basic fields are (|23|l . 
Thus now we have 

l^i) = 1$), 1^2) = l^s) = I-S4) = l^s) = \A,) = IA2) = 0. (C.46) 

Substituting these solutions into ()C.16|) we get 

mSe) = =^ \Se) = 0, (C.47) 
then substituting into ()(".17j) we obtain 

1^4) = 0, (C.48) 
and finally substituting into ()C.12|) ones have 

\As) = 0. (C.49) 
Thus we remove all the auxiliary fields and the equations of motion for the basic fields |$) 

are 
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